Non-abelian Chern-Simons theories coupled to fermions are known to provide an interesting class of non-supersymmetric conformal fixed points [1] . These theories, particularly those based on bifundamental matter, are important because they may provide simple non-supersymmetric examples of the AdS/CFT correspondence. For instance, it seems natural to conjecture that O(N ) −k × O(N ) k Chern-Simons theory coupled to Majorana fermions transforming in a bi-vector representation may be dual to pure Einstein gravity with a small negative cosmological constant in the "M-theory" limit where k = 1 and N is large. While it is extremely difficult to directly study such bifundamental theories when k = 1 or even at strong 't Hooft coupling λ = 
Motivation
Consider the following theory: U (N ) × U (N ) Chern-Simons theory, with equal and opposite levels, k and −k, coupled to a massless Dirac fermion in the bifundamental representation. As pointed out in [1] , this theory is one of a large number of non-supersymmetric conformal field theories that exist in 3 dimensions. Though non-supersymmetric, this theory is clearly conformal (at least in perturbation theory) and, like the well known supersymmetric N = 6 theory (ABJM) [2] , admits a large N limit.
The most natural large-N limit is the 't Hooft limit, in which the 't Hooft coupling λ = N k is held constant as N → ∞ and k → ∞. We might consider a slight generalization to to gauge groups with possibly unequal ranks M and N and levels k N and k M , for each of the two Chern-Simons gauge fields.
When M = N , we can define the 't Hooft couplings λ + = N/k N + N/k M and λ − = N/k N − N/k M ; which are both effectively continuous in the 't Hooft limit. If λ + = 0, then k N = −k M , and a parity transformation (which flips the signs of k N and k M ) simply interchanges k N and k M so the theory is parity invariant. However, when λ + = 0 the theory is not invariant under parity. If we start with the theory with λ − large and λ + = 0, small changes in λ ± could be obtained by deforming the theory by appropriate operators; these operators would presumably be dual to dilaton and axion-like fields respectively, in a holographic description [3] . However, another large N limit may exist, as is well-known since the discovery of ABJM [4, 2, 5] . (Using supersymmetric localization techniques, it is possible to calculate certain physical quantities exactly in this limit [6, 7] .) ABJM at fixed k, say k = 1, and large N is dual to M-theory on AdS 4 × S 7 /Z k . In this case, k is an integer and cannot be deformed continuously, hence the bulk dual contains no dilaton. For the non-supersymmetric theory, it is not immediately obvious that the "M-theory" large-N limit exists; however, if the limit does exist, the holographic dual would not contain a dilaton or axion, and may be as simple as Einstein-Maxwell gravity with a small negative cosmological constant.
We might instead consider theories based on gauge group O(N ) × O(N ), coupled to 'bivector' Majorana fermions instead of bifundamental Dirac fermions. In this theory, the spin-1 currentψγ µ ψ vanishes identically because ψ is a Majorana fermion 1 , as do all other odd-spin conserved currents J s in the free theory. The only conserved and protected current operator appears to be the spin-2 current -i.e., the stress tensor. Hence if the finite-k, large-N limit exists for the O(N ) × O(N ) theory, the holographic dual may be as simple as pure Einstein gravity with a small negative cosmological constant. (While the standard 't Hooft limit may also include a dilaton.)
Bifundamental theories are large-N "matrix models", which are as intractable at strong coupling as classic large-N theories with adjoint degrees of freedom. Without supersymmetry, studying these theories at strong coupling appears impossible; making tests of any conjectural holographic duals difficult. However, an indirect way of obtaining information about the large N limit of U (N ) × U (N ) theories at strong coupling was proposed in [8] . The crucial idea is to instead consider a U (N ) × U (M ) theory (similar to [9] 
Chern-Simons theory coupled to fundamental matter is effectively a vector model, and hence exactly (at least in principle) solvable in the 't Hooft limit [1, 10, 11] . Studying the U (N ) × U (M ) theory in an M/N expansion allows us to perturbatively approach a strongly interacting matrix model starting from strongly interacting but exactly solvable vector model.
In this paper, we consider U (N )×U (M ) Chern-Simons coupled to bifundamental fermions, with levels k N and k M respectively. We work in the large N limit, keeping the following three parameters fixed:
, and α = M N . We always assume M ≤ N . Important data for any conjecture about holographic duals are the scaling dimensions ∆ 1 Recall thatχγ µ ψ = −ψγ µ χ for Majorana fermions χ and ψ of single-trace primary operators, which are directly related to the masses of the fields in the dual bulk description. For operators of spin s > 0, unitarity requires that ∆ ≥ s + 1 [12, 13] . Massless fields of spin s > 0 in the bulk are dual to primary operators with ∆ = s + 1, which are in short representations of the conformal group and hence are conserved currents. It is easy to convince oneself, following [1, 14] , that the free theory contains an infinite tower of conserved currents, one for each spin s ≥ 1, of the schematic form ∼ trψγ µ ∂ s−1 ψ. When M = 1 and N is large, the scaling dimensions of these operators (which in addition to the scalarψψ, which is in a long representation, are the only single trace primary operators in the M = 1 theory) are protected by a simple argument based on conformal representation theory, given in [1, 15] -the holographic dual is therefore believed to be a Vasiliev theory (see [16, 17, 18, 8, 19, 20] and [21] for a review) with an infinite tower of higher-spin gauge fields even at strong coupling. However, when M = N these operators are now part of a much larger family of single-trace primary operators. With the exception of the spin-1 and spin-2 currents, these operators are unprotected and do acquire anomalous dimensions as one can verify explicitly by a one-loop calculation of, say, the spin-3 current.
These anomalous dimensions, as well as those of other generic unprotected operators, would have to diverge at strong coupling if the theory has a traditional holographic dual based on Einstein-gravity. It would be particularly interesting if we could obtain any information about the anomalous dimension of any unprotected operator in some strong coupling limit.
As we will show in this paper, it is possible to calculate anomalous dimensions of generic operators to all orders in λ in an M/N expansion. The simplest unprotected single-trace primary operator is the scalar trψψ. As a preliminary study of the theory, we will calculate its anomalous dimension in what appears to be the simplest, potentially non-trivial limit: We set λ N = 0, and work to first order in α = M/N , but to all orders in λ M . This is similar to a large flavor expansion, common in condensed matter physics.
Though first-order results in an M/N expansion are similar to 1/N calculations in a vector model, at higher orders, the M/N expansion is different from and substantially simpler than a 1/N expansion. M/N = 1 simply corresponds to a large N saddle point of a U (N )×U (N ) (or O(N ) × O(N )) theory -so at any stage we only have to include planar Feynman diagramsby planar we mean those that can be drawn on a genus-zero surface [22] -in our calculations. When M/N is very small, we need to draw only the relatively small (but infinite) subset of planar diagrams that contribute to the leading large-N solution of a vector model -as shown in, e.g. [1] , one can explicitly perform a sum over these diagrams. The size of this planar subset increases as we consider higher order corrections in M/N ; but it is still possible to sum over all the diagrams by solving a finite number of integral equations. When M/N is order unity, we need to include all planar diagrams, because all planar diagrams contribute to the leading large-N solution of a "matrix" model containing adjoint or bifundamental degrees of freedom -performing a sum over all planar diagrams appears impossible.
The Anomalous Dimension ofψψ
We work in the Euclidean theory, where the Chern-Simons action takes the form:
We work in light-cone gauge, A − = B − = 0; in this gauge, ghosts decouple and cubic interactions are not present. (Let x 1 , x 2 and x 3 be coordinates in Euclidean signature, we define light-cone coordinates as
and the γ i can be taken to be the Pauli matrices σ i . Covariant derivatives are
as usual for a bifundamental theory. 
Since we set λ N = 0, we will drop the subscript M on λ M . In this limit, which is quite different from the limit considered in [1] , our theory is essentially a U (M ) theory with N flavors (but in the singlet sector, as the U (N ) symmetry group is still gauged), which is trivial at zeroth order. The calculation of the anomalous dimension in this limit turns out to be very similar to some of the two-loop 1/N calculations in [1] . See also [14] for similar two-loop calculations in the case of superconformal Chern-Simons theories.
Scalar Two-point function
The two point function of the scalars, which has scaling dimension ∆ = 2, in free theory is given by:
We calculate the anomalous dimension δ = ∆ − 2 by extracting the coefficient of logarithmic divergences of the two-point function in the interacting theory. Our regularization procedure is that used in, e.g., [1, 10, 23 ] -we place a hard momentum cutoff Λ on momentum integrals in the 1-2 plane. 
Gauge Propagator
To first order in M/N the gauge propagator receives an infinite series of self-energy corrections. These are given by:
The gauge field's one-loop self energy, Σ µν is given by
Let D µν be the free gauge propagator. Let G µν be the gauge propagator with an infinite series of self-energy corrections. (Both are 3 × 3 matrices -though they are effectively 2 × 2 matrices in light cone gauge). Then, the matrices G and
Evaluating this we have
Calculation
The diagrams which contribute to the anomalous dimension in our limit are shown in Figure  1 , 2, and 3.
The corrected self energy of the fermion, Σ ψ (p), needed to evaluate the diagram in Figure  1 is given by
Evaluating this diagram we have,
hence,
where
To evaluate these integrals, we use Feynman parameters:
Keeping only the logarithmic divergences even in λ, the integrals we need to evaluate are:
Putting these together, we have Including this in a two-point function calculation gives a contribution to the anomalous dimension
. Figure 2 , and is given by
The other diagram that contributes is
We have:
and the contribution to the anomalous dimension is
Evaluating the logarithmic divergences arising from the additional diagram shown in Figure 3 using similar techniques, we find the final contribution to the anomalous dimension:
The anomalous dimension is then given by δ = δ 1 + δ 2 + δ 3 , which is
This is plotted in Figure 4 .
We can also carry out a perturbative calculation in Feynman gauge as in [1] ; working to order λ 2 we find agreement with the above result. 
Discussion

Strong-Coupling Limit
We find the anomalous dimension, though unprotected, does not diverge at strong coupling and instead approaches a finite value,
as λ M → ∞. Based on the form of the exact gauge propagator; we expect that at any given order in M/N the anomalous dimension would be finite in the 't Hooft limit for all values of λ. Only as M/N → 1, can we expect the anomalous dimension may diverge for some finite value of λ or as λ → ∞.
As λ → ∞ the theory becomes parity-preserving. Hence one might expect that it should be equivalent to say, the IR limit of QCD in three dimensions with gauge group SU (M ) and N f flavours. This conjecture is perhaps analogous to statements about the IR limits of superYang-Mills theories in three dimensions and supersymmetric bifundamental theories such as ABJM [24, 4, 25, 2] . Calculations of the anomalous dimension in the IR limit of QCD 3 would be similar to calculations in QED 3 carried out in, e.g., [26, 27] (see also [28] ) (but, of course, ghosts and cubic interaction vertices have to be considered) and it would be interesting to investigate this further.
All orders in λ N
Studying the theory at λ N = 0 drastically simplified our calculations. It is possible in principle to calculate the M/N corrections to the anomalous dimension to all orders in λ N as well.
Let us show diagrammatically how one can calculate the anomalous dimension to all orders in λ N , with λ M = 0 for simplicity, so we only need draw one gauge field. (For an all orders in both λ N and λ M , we would also need to take into account the various λ N corrections in the diagrams shown in Figures 1, 2 and 3 ). We will need the exact fermion propagator:
the exact quantum corrected vertex:
and the "ladder" diagrams 2 :
= +
In terms of these ingredients -the first two of which are calculated in [1, 10] , and the third is extensively discussed in [29] which recently appeared -the diagrams that contribute to the two-point function are shown in in Figure 5 . Evaluating the diagrams in Figure 5 is more challenging from a technical point of view, primarily due to the exact planar off-shell fermion four-point function. While we hope to carry out such a calculation in the near future, we suspect that the anomalous dimensions of unprotected operators would remain finite at strong coupling unless α = M/N = 1 or some other finite value.
Higher-Spin Operators and Other Calculations
We chose to work with the scalar trψψ as the simplest representative of an unprotected operator -however, even if the theory possesses a simple holographic dual, the scalar's anomalous dimension need not diverge if M/N → 1; we only require higher spin operators to acquire large anomalous dimensions. It would be interesting to calculate the first-order M/N anomalous dimension for one of the higher-spin currents. Note also that for higher spin operators ∆ = s + 1 in the free theory, so we expect the M/N anomalous dimension to be non-negative for all values of λ. Calculations for higher-spin operators would be similar to those sketched here, but with more complicated vertex factors; these seem most feasible in our simplifying limit of λ N = 0.
As Figure 4 illustrates, the theory appears to contain interesting physics at first order in M/N even when λ N = 0. We would like to perform a systematic study of the two-point and three point functions in this limit, particularly the two-point function of the stress tensor. It also would be interesting calculate the anomalous dimension of the scalar at higher orders in M/N , where the qualitative differences between a 1/N expansion and M/N expansion are more apparent.
An interesting feature of feature of bifundamental theories in 3 dimensions is the novel Higgs mechanism [30] , studied in the more general context of non-supersymmetric ChernSimons theories in [31] , which played a crucial role in the interpretation of [4] . While [31] considers bifundamental theories coupled to scalars, it would be interesting to see how it might be applicable to the purely fermionic theory via say, a bosonization duality.
We also have not considered the O(N ), bosonic or critical versions of the theory. The bosonic theory has the additional complication of a classically marginal φ 6 coupling, and requires a bit more care than the non-critical fermionic theory -see, [32] for some interesting perturbative calculations in the bifundamental bosonic theory. We haven't considered the issues discussed in [33] , and these appear important to study.
Duality and M-theory limit
The "M-theory" limit of a fermionic vector model with N f = 1, at finite 3 k Y M and large N is believed to have a dual description, via the bosonization duality proposed in [11] , as a critical bosonic theory at finite 4 N and large k Y M . The duality seems to indicate that 3 Here, we refer the Chern-Simons level in terms of a Yangs-Mills regularized theory as kY M , which differs from the level used in the paper by a shift k d = kY M − N , where N is the gauge group rank.
4 Though the duality is untested for finite N , based on its formal similarity to the duality in [34] we might expect it to hold (with the addition of shifts in the Chern-Simons level ±1/2 [11] .) the "M-theory" limit exists for a non-supersymmetric Chern-Simons vector model, although gravitational behaviour is not expected.
In our simplifying limit, λ N = 0, the bifundamental theory is a U (M ) vector model with a very large number N f = N M of flavors. In the alternative limit, λ M = 0, the theory is a U (N ) vector model with N f = M N flavors, whose M/N corrections we are interested in.
A conjectured generalization of the bosonization duality to N f flavors is presented in [11] , which states the U (M F ) level k F Y M theory coupled to N f flavors of fundamental fermions is equivalent to a critical U (M B ) level k B Y M Chern-Simons theory coupled to N B f flavors of fundamental bosons (with a parity transformation, see [10] ):
This duality appears well tested if N f is small, and the gauge group rank is very large; however, it has not been tested at N f /N , and may not be expected to hold in the limit of N f is much larger than the gauge group rank N . In terms of α (which is N f /N ) and λ = k N the proposed duality takes the form:
In terms of dimensional-reduction regularized k, the bosonization duality for the vector model states that critical U (N ) k Chern-Simons theory with fundamental bosons is dual to a U (k − N ) −k theory of fundamental fermions, where |k| > N . The supersymmetric ABJ theory [9] is subject to a similar duality relating the
bifundamental fermionic theory, (perhaps with O(L) half-integer shifts in the Chern-Simons level(s) due to the fermions) it would be testable in an expansion in α = L/(L + N ) -though, again, the calculation would be tedious.
Additional Comments
Assuming the non-supersymmetric bifundamental theories considered here do have holographic duals; one would expect them to be some non-supersymmetric string theory vacua with a small negative cosmological constant, perhaps related to [35] . We also note that [36] appeared recently, which considers Chern-Simons theories coupled to ghost-like matter. These theories are non-unitary and expected to be dual to Vasiliev theories in de Sitter space. Similar bifundamental theories based on ghost-like matter could be constructed and may be dual to non-supersymmetric quantum theories of gravity in de Sitter space with a small positive cosmological constant.
Gravitational theories with and without dilatons/axions have been used extensively as models for strongly interacting quantum critical points, see e.g., [37, 38, 39, 40] for study of gravitational systems without a dilaton or axion. In, e.g., [41, 42, 43, 44] , the transport properties for black branes in various gravitational theories with both a dilaton and axion were considered. It would be interesting to study these nonsupersymmetric bifundamental theories at finite chemical potential in an M/N expansion, along the lines of [45, 23, 46] , and compare their behaviour to gravitational calculations, although studies at finite temperature would involve considerations of holonomy.
Theories based on a single Chern-Simons gauge field provide a rich class of parity-violating IR fixed points for condensed matter systems [47] ; bifundamental theories based on two Chern-Simons gauge fields with equal and opposite level provide a similarly rich class of parity-preserving IR-fixed points. The existence of highly supersymmetric bifundamental theories provided the resolution to some long-standing questions regarding the IR limits of 2+1 dimensional super Yang-Mills theory [24, 4, 25, 2] . Analogously, the non-supersymmetric bifundamental theories mentioned here, which may also have a gravitational description in the large-N limit, are natural IR limits for parity-invariant effective field theories arising in 2+1 dimensional condensed matter models, such as, algebraic spin liquids [26] and variants thereof.
We hope to return to these issues in the future.
